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THE BRASSELET-SCHU¨RMANN-YOKURA CONJECTURE
ON L-CLASSES OF SINGULAR VARIETIES
J. FERNA´NDEZ DE BOBADILLA AND I. PALLARES
Abstract. We prove the Brasselet-Schu¨rmann-Yokura conjecture, which
predicts the equality between the Hodge L-class and the Goresky-MacPherson
L-class for compact complex algebraic varieties that are rational homol-
ogy manifolds.
1. Introduction and results
The generalized Hirzebruch Riemann-Roch theorem [16], states that the
χy-characteristic of a vector bundle E over a compact complex manifold Y
is
χy(Y,E) =
∫
Y
T ∗y (TY )ch(1+y)(E) ∩ [Y ] ∈ Q[y]
where T ∗y (TY ) is the Hirzebruch cohomology class defined by a certain prod-
uct of power series on the Chern roots of TY depending on y. The term
ch(1+y)(E) is the sum
∑rkE
j=1 e
βj(1+y), for βj the Chern roots of E. The
Hirzeburch class T ∗y (TY ) specializes to the following characteristic coho-
mology classes of TY : The total Chern class c∗(TY ), for y = −1, the
total Todd class td∗(TY ), for y = 0, and the total Thom-Hirzebruch L-class
(the L-polynomials in the Pontrjagin classes) L∗(TY ), for y = 1. So, the
generalized Hirzeburch Riemann-Roch Theorem recovers for y = −1 Gauss-
Bonnet-Chern Theorem, for y = 0 the Riemann–Roch Theorem, and for
y = 1, the Hirzebruch’s Signature Theorem.
Characteristic classes for singular varieties are usually homology classes,
that recover the cohomological characteristic classes of smooth varieties by
capping with the fundamental class. For each of the values y = −1, 0, 1, the
various possible ways to define the same cohomological characteristic class
for smooth manifolds lead to potentially several generalizations for singular
varieties. The difference between two of these homological characteristic
classes measures different aspects of the singularities of the variety.
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A generalization of Chern classes for singular varieties were defined by
MacPherson [17] in his proof of a conjecture of Deligne and Grothendieck.
MacPherson definition coincides with a previous definition by Schwartz [24].
A generalization of the Todd class was provided by Baum, Fulton and
McPherson in their proof of the Riemann-Roch theorem for singular vari-
eties [1]. Generalizations of the L-classes were defined by Goresky-MacPherson
in [14]. Alternate definitions were given by Siegel [25] using Witt spaces,
and by Cheeger [9] by using L2-forms in spaces with certain kind of metrics.
They were further generalized by Cappell, Shaneson and Weinberger in [7]
(see also [5]) using self-dual complexes of sheaves (this is the approach that
will be used in this paper).
In [3] Brasselet, Schu¨rmann and Yokura (answering a question of MacPher-
son), gave a generalization of the Hirzebruch cohomology class T ∗y to the
singular complex algebraic case, which provides a unified (motivic) theory
for characteristic classes for singular varieties: they define a natural trans-
formation Ty,∗ : K0(var/−)→ HBM2∗ (−)⊗Q[y] on the relative Grothendieck
group K0(var/−). For smooth Y the homology class Ty,∗([Y ]) is the result
of capping T ∗y (TY ) with the fundamental homology class of Y (in this paper
we use the notation [Z] for a shortcut of the class [Z → Y ] in K0(var/Y )).
It was proved in [3] that T−1,∗([Y ]) is always equal to the Chern-Schwartz-
MacPherson class, and that for T0,∗([Y ]) coincides with the Baum-Fulton-
MacPherson Todd class if Y has Du Bois singularities. For y = 1 the
following statement was conjectured:
Theorem 1.1. If Y is a compact complex algebraic variety which is a ra-
tional homology manifold, then the equality
T1,∗([Y ]) = L∗(Y ),
holds, where L∗(Y ) equals Goresky-MacPherson L-class of Y .
The conjecture was previously solved for the following special cases: In [8],
Cappell, Maxim, Schu¨rmann and Shaneson proved the case for X = Y/G,
Y projective G-manifold and G finite group of agebraic autormorphisms,
also for certain complex hypersurcaces with isolated singularities. Maxim
and Schu¨rmann in [19] gave a proof for simplicial projective toric varieties.
In the projective case, the degree 0 case holds by a direct consequence of
Saito’s intersection cohomology Hodge index theorem (details can be found
in Banagl’s paper [4]). Banagl in [4], showed the case for normal projective
complex 3-folds at worst canonical singularities, trivial canonical divisor,
and H1(X;OX) 6= 0.
In this paper we prove the general case of the conjecture. Our approach
is to combine cubical hyper-resolutions [13] with the theory of perverse
sheaves [2], including the full power of the Decomposition Theorem: we
use the statement in Saito’s category of Mixed Hodge modules [22], and also
the generalized Hodge-Riemann bilinear relations obtained by de Cataldo
and Migliorini at their proof of the Decomposition Theorem [10]). In fact
we prove the following stronger statement.
By [3], there exists a natural transformation sd : K0(var/−)→ Ω(−) such
that T1,∗ = L∗ ◦sd. Here, if Y is a complex variety, Ω(Y ) denotes the cobor-
dism group of self-dual cohomologically constructible complexes introduced
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by Cappell and Shaneson in [5], and L∗ : Ω(Y ) → H2∗(Y ;Q) associates to
any self-dual complex its Cappell, Shaneson and Weinberger L-class (see [7]).
Since the Cappell, Shaneson and Weinberger L-class applied to ICY recov-
ers the Goresky-MacPherson L-class L∗(Y ), the following theorem implies
the previous one:
Theorem 1.2. If Y is a compact complex algebraic variety which is a ra-
tional homology manifold, then we have the equality
sd([Y ]) = [ICY ]
in Ω(Y ).
In [3] another conjecture implying Theorem 1.1 is stated: for any compact
algebraic variety IT1,∗(Y ) = L∗(Y ). Here IT1,∗(Y ) equals MHT1(ICHY ),
where MHT1 : K0(MHM(Y )) → H∗(Y ) is a natural transformation from
the Grothendieck group of mixed Hodge modules to homology, and ICHY is
the intersection homology complex viewed as a mixed Hodge module. This
conjecture remains open.
Cappell and Shaneson proved in [5] a Decomposition Theorem up to
cobordism (that is with values in Ω(−)), that works for arbitrary pseudo-
manifolds with proper stratified maps. Recently Schu¨rmann and Wolf [23]
provided a corrected version of Cappell and Shaneson result. Our proof
only uses the classical Decomposition Theorem for algebraic maps instead,
an identity proved by Youssin in Ω(Y ), and the fact that the derived push-
forward of a self-dual complex is self-dual.
The first author thanks M. Banagl for a beautiful course that raised his
interest in the conjecture, and to L. Maxim and J. Schu¨rmann for remarks
pointing us to the stronger conjecture mentioned above and to [23].
2. Proof of the Brasselet-Schu¨rmann-Yokura conjecture
It is enough to prove Theorem 1.2. We use Deligne’s indexing convention
for intersection homology complexes.
2.1. An identity in the Grothendieck group. Let Y be a compact com-
plex algebraic variety. In [13] cubical hyperresolutions, and their associated
semi-simplicial resolutions were introduced. We follow the treatment of [20],
Chapter 5. We refer to this source for the relevant definitions, which would
take too much space to repeat here.
The result we need is the following: there is a semi-simplicial resolution
(Definition 5.10, [20]), which is an (n+1)-semi-simplicial scheme augmented
by Y for n = dim(Y ) (Definition 5.1, [20])
(1) ε : X• → Y,
such that in the relative Grothendieck group K0(var/Y ) over Y , the follow-
ing identity holds
(2) [Y ] = [Y˜ ] + [
n⊔
i=1
X0,i] +
n∑
k=1
(−1)k[Xk],
where X0 = Y˜
∐
(
∐n
i=1X0,i), and Y˜ → Y is a resolution of singularities
which restricts to an isomorphism over the regular locus of Y .
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The semi-simplicial resolution is obtained from a cubical hyperresolution
of Y (Definition 5.10, [20]) which is constructed following the procedure of
Section 5.2, [20]. An inspection of the construction yields Equality (2): see
the proof of Theorem 5.26, where the key observation is that at each step of
the construction the discriminant square (V-11) is cartesian. Observe also
that all morphisms involved in the cubical hyperresolution are projective.
2.2. A double complex whose associated simple complex is acyclic.
By cohomological descent (see Definition 5.6 of [20]), associated to the semi-
simplicial resolution (1) we obtain a double complex of constructible sheaves
I•,• in Y such that each column Ik,• is quasi-isomorphic to R∗QXk , and
such that the simple complex s(I•,•) associated to I•,• is quasi-isomorphic
to QY .
The semi-simplicial resolution satisfies that each Xk is a disjoint union
of smooth varieties Xk,i, such that dimXk,i ≤ n − k. Moreover the only
component of X0 of dimension n is the smooth variety Y˜ to which  restricts
to a resolution of singularities |Y˜ : Y˜ → Y .
Consider the sequence of morphisms of double complexes
I•,• β1−→ I0,• β2−→ R(|Y˜ )∗QY˜
β3−→ ICY [−n],
where I0,• is the double complex that has non-zero objects only at the 0-
th column and β1 is the natural morphism of double complexes, β2 is the
composition of the natural projection from I0,• to R(|Y˜ )∗QY˜ given by the
decomposition of X0 in connected components, and β3 is the natural projec-
tion associated with the Decomposition Theorem applied to |Y˜ . Notice that
β3 is canonical because of semi-simplicity of the decomposition summands
and the fact that ICY [−n] is the only summand with maximal support.
By the uniqueness of the Proposition in Section 5.1 of [15], restricting to
the non-singular stratum of Y we obtain that the simple complex morphism
η : s(I•,•) ∼= QY → ICY [−n]
associated with the composition β3 ◦ β2 ◦ β1 is the canonical morphism con-
necting cohomology with intersection cohomology complexes. By uniqueness
of the intersection cohomology complex, if X is a rational homology manifold
then η is a quasi-isomorphism, and hence cone(η) is an acyclic complex.
Notice that we can form a double complex K•,• whose columns are I0,• =
cone(β3 ◦ β2)) and Kp,• = Ip,• for p > 0 (in this formula β3 ◦ β2 denotes the
simple complex morphism induced at the 0-th column), and that we have
the following:
Lemma 2.1. The simple complex s(K•,•) associated to the double complex
K•,• is acyclic if Y is a rational homology manifold.
2.3. The perverse spectral sequence of the double complex K•,•.
For any k the variety Xk is a disjoint union of smooth varieties of different
dimensions. By dk we denote the function that assigns to each connected
component of Xk its dimension, and given a complex of sheaves C on Xk
we denote by C[dk] the same complex, shifted at the dimension in each con-
nected component. With this notation, by the Decomposition Theorem [2],
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we obtain the following E1 page of the perverse spectral sequence associated
with the double complex K•,•.
(3) Ep,q1 =
pHq(Rε∗QXp),
for p > 0 and
(4) E0,q1 :=
pHq(Rε∗QX0)Σ,
where pHq(Rε∗QX0)Σ is the sum of the direct summands of pHq(Rε∗QX0)
that have support in the singular set Σ ⊂ Y ; that is, all the summands
except ICX [−n] if q = n. The assertion for p > 0 is a plain application of
the Decomposition Theorem. For p = 0 we use that the resolution of Y that
does not modify away from the singular set, notice that every connected
component of Xk different from Y˜ maps into Σ, use that all the summands
that the Decomposition Theorem predicts for QY˜ and the map Y˜ → Y have
support in Σ except for ICY [−n], and notice that ICY [−n] does not appear
because of the cone construction of the first column of the double complex
K•,•.
The Decomposition Theorem predicts that each of the Ep,q1 decomposes as
a direct sum of simple intersection homology complexes. Let {Σ1, ....,ΣN}
be the collection of subvarieties in Y which are support of simple direct
summands of the Ep,q1 ’s. Since the morphism between two simple objects in
an abelian category are either isomorphisms or zero, we conclude that the
spectral sequence splits as a direct sum of spectral sequences, one for each
Σj , whose E1 terms are denoted (E
p,q
1 )Σj .
We prove that the spectral sequence degenerates at the E2 page. Since all
the morphisms appearing in the semi-simplicial scheme X• are algebraic, the
spectral sequence above lifts to a spectral sequence of mixed Hodge modules.
This means the following: let MHM(Y ) be the category of mixed Hodge
modules over Y , D(MHM(Y )) its derived category, Dbcc(Y ) the bounded
cohomologically constructible the derived category in Y , and rat the ratio-
nalization functor (we use [21], [22] as general references to mixed Hodge
module theory). There is a spectral sequence in MHM(Y ) whose image
under rat is the spectral sequence constructed above.
Since we did not find a reference giving explicitly the spectral sequence
of mixed Hodge modules associated with a semi-simplicial scheme, for the
sake of completeness we include here an easy argument producing it. Given
a semi-simplicial scheme X• we obtain a spectral sequence in MHM(Y ) as
follows. Consider the triangle
⊕p∈Z ⊕r≥p R∗QXr i−→ ⊕p∈Z ⊕r≥p R∗QXr j−→ ⊕p≥0R∗QXp 0−→
in D(MHM(Y )), where the differential in ⊕p≥0R∗QXp is the sum of the dif-
ferentials in each of the direct summands and the alternate sum of the mor-
phisms from R∗QXr to R∗QXr+1 arising from the semi-simplicial scheme,
the differential in ⊕r≥pR∗QXr is computed similarly, the differential in
⊕p∈Z ⊕r≥p R∗QXr is the direct sum of the differentials in each p-indexed
summands, the morphism i is the inclusion of the summand ⊕r≥p+1R∗QXr
to ⊕r≥pR∗QXr , and the morphism j is the obvious one. Applying the t-
structure in D(MHM(Y )) we obtain an exact couple in MHM(Y ) that
gives the lifting of the spectral sequence. This procedure could be used
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as well to define the perverse spectral sequence associated with the double
complex.
Once we have the lifting to MHM(Y ) we argue as follows. The smooth-
ness of Xp implies that QXp is pure Hodge module of weight 0. By Corollary
1.8 of [22]Rε∗QXp ∈ D(MHM(Y )) is also pure of weight 0. By equations (3)
and (4) this implies that Ep,q1 is a pure Hodge module of weight q for ev-
ery p, q. Since the spectral sequence is a spectral sequence of Mixed Hodge
modules, Ep,qr is also pure of weight q for every p, q, r and any differential
dr : E
p,q
r → Ep+r,q−r+1r vanishes.
If Y is a rational homology manifold the simple complex s(K•,•) is acyclic.
This, together with the degeneration at E2, and the splitting of the spectral
sequence as a direct sum of spectral sequences obtained above, implies:
Lemma 2.2. For each support Σj, and for each q ≥ 0 we have an exact
sequence of semi-simple perverse sheaves in Y :
(5) 0→ (E0,q1 )Σj → (E1,q1 )Σj → ...→ (En,q1 )Σj → 0.
2.4. A computation in the cobordism group of self-dual complexes.
Let ε : Z → Y be a projective morphism of complex algebraic varieties,
with Z smooth of dimension d. The sheaf QZ [d] is self-dual, and hence so
is R∗QZ [d] (see Proposition 4.1 of [5]). We study the class of R∗QZ [d]
in the cobordism group of self-dual complexes Ω(Y ). When quoting [5]
notice that they use Goreski-MacPherson indexing convention and we use
Deligne’s one. Then an element in Ω(Y ) is an equivalence class of pairs
(C,α), where C is a cohomologically constructible complex in Y and α :
C
∼=−→ D(C) is an isomorphism in the derived category, here D is the Borel-
Moore-Verdier dualizing functor. In this section the complexes C appearing
will be direct sums of intersection homology complexes associated with local
systems. Given such a complex C and a subvariety Yj ⊂ Y , we denote by
CYj the direct sum of those direct summands of C whose support is exactly
Yj .
The Decomposition Theorem gives the direct sum decomposition
(6) Rε∗QZ [d] ∼= ⊕Mi=−MpHi(Rε∗QZ [d])[−i],
whereM is a positive integer that is bounded by the defect of semi-smallness [10]
(although this precise bound is not needed here). The complex pH0(Rε∗QZ [d])
is self dual, and by [26] (compare with Lemma 3.3 of [5]) in Ω(Y ) we have
the equality of equivalence classes
(7) [Rε∗QZ [d]] ∼= [pH0(Rε∗QZ [d])].
Let η denote the class of a relative ample bundle for ε. By Theorem
2.1.1 (see Theorem 2.3.3 if Y is non-projective) of [10], cup product induces
isomorphisms
(8) ηi : pH−i(Rε∗QZ [d])→ pHi(Rε∗QZ [d]),
and we have the direct sum decomposition
(9) pH−i(Rε∗QZ [d]) ∼= ⊕l≥0P−i−2l(Rε∗QZ [d])
for every non-negative i, where P−i−2l(Rε∗QZ [d]) denotes the primitive
part of pH−i−2l(Rε∗QZ [d]). For i = 0 this decomposition is compatible
THE BRASSELET-SCHU¨RMANN-YOKURA CONJECTURE 7
with the self-duality. The Decomposition Theorem also implies that each
P−l(Rε∗QZ [d]) is a direct sum of intersection homology complexes, so, we
have the decomposition P−l(Rε∗QZ [d]) ∼=
∑
j∈J P−l(Rε∗QZ [d])Yj , where
{Yj}j∈J is the collection of possible supports. As a consequence we get the
following equality in Ω(Y ):
(10) [pH0(Rε∗QZ [d])] ∼=
∑
j∈J
∑
l≥0
[P−2l(Rε∗QZ [d])Yj ].
We use the following terminology coming from the Hodge-Riemann bi-
linear relations. Let V be a finite dimensional Q-vector space, and Q :
V × V → Q a bilinear form. If Q is symmetric we use the common defini-
tions of positive and negative definite. If Q is anti-symmetric we consider
the unique hermitian product h : V ⊗ C × V ⊗ C → C whose imaginary
part equals Q and denote by Q′ : V × V → Q the symmetric bilinear form
given by the restriction of the real part of Q′ to V . We say that Q is posi-
tive (negative) definite if and only if Q′ is positive (negative) definite. Let
Yj ⊂ Y and let L be a local system on a Zariski open subset Uj ⊂ Yj . A
self-duality α : ICYj (L)
∼=−→ D(ICYj (L)) induces, for each y ∈ Uj , a bilinear
form Qα,y : Ly × Ly → Q. The (anti)-symmetry and positive (negative)
definiteness of Qα,y is independent on y. The pair (ICYj (L), α) is called
(anti)-symmetric and positive (negative) definite if Qα,y is (anti)-symmetric
and positive (negative) definite.
The following lemma is elementary:
Lemma 2.3. Let α and α′ be self-dualities as above. If Qα,y and Qα′,y
are both symmetric (anti-simmetric) and positive (negative)-definite, then
(ICYj , α) and (ICYj , α
′) represent the same element in Ω(Y ).
Lemma 2.4. We have the following equality in Ω(Y ):
(11) [pH0(Rε∗QZ [d])] ∼=
∑
j∈J
M∑
i=−M
[pHi(Rε∗QZ [d])Yj ],
where [pHi(Rε∗QZ [d])Yj ] is symmetric if and only if d−dim(Yj) + i is even,
anti-symmetric if and only if d − dim(Yj) + i is odd, positive-definite if
d− dim(Yj) + i ≡ 0, 1 mod 4 and negative-definite if d− dim(Yj) + i ≡ 2, 3
mod 4.
Proof. For any j ∈ J and l ≥ 0, the complex P−l(Rε∗QZ [d])Yj is a inter-
section homology complex IC(L), where L is a local system in a Zariski
open subset Uj of Yj . Let Hj ⊂ Y be the intersection of dim(Yj) generic
hyperplane sections in Y . By genericity ZHj := ε
−1(Hj) is smooth and
ε|ZHj : ZHj → Hj is a resolution of singularities. The intersection Hj ∩
Yj is a finite set contained in Uj . For each point y ∈ Hj ∩ Yj , denote
by P−l(R(ε|ZHj )∗QZ [d − dim(Yj)]y the summand of P−l(R(ε|ZHj )∗QZ [d −
dim(Yj)] consisting of complexes with support in y, predicted by the De-
composition Theorem for the map |ZHj . We have the identification
(P−l(R(ε|ZHj )∗QZ [d− dim(Yj)])y ∼= Ly,
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and under it, the self-duality of [P−l(Rε∗QZ [d])Yj ] induces a bilinear form
Qy in Ly, which coincides with the bilinear form induced by the self-duality
of the left hand side of the previous identification.
After this identification, Theorem 2.1.8 of [10] implies that Qy is is sym-
metric if and only if d − dim(Yj) + l is even, anti-symmetric if and only if
d− dim(Yj) + l is odd, positive-definite if d− dim(Yj) + l ≡ 0, 1 mod 4 and
negative-definite if d− dim(Yj) + l ≡ 2, 3 mod 4.
The Lemma follows easily developing the left and right hand side using
the decomposition (9), identifying terms via equation (8) and performing
the needed cancellations. 
2.5. Proof of Theorem 1.2. We have to prove that sd([Y ]) − [ICY ] = 0
in Ω(Y ). Equation (2) implies
(12) sd([Y ]) = sd([Y˜ ]) +
n∑
i=1
sd([X0,i]) +
n∑
k=1
(−1)ksd([Xk]).
Since at the cobordism group Ω(Y ) only the 0-th perverse cohomology mat-
ters [26] (or Lemma 3.3 of [5]) we also have
sd([Y˜ ]) +
n∑
i=1
sd([X0,i]) = [ICY ] +
N∑
j=1
[Rε∗QX0 [d0]Σj ] =
= [ICY ] +
N∑
j=1
[pH0(Rε∗QX0 [d0])Σj ]
and
sd([Xk]) =
N∑
j=1
[Rε∗QXk [dk]Σj ] =
N∑
j=1
[pH0(Rε∗QXk [dk])Σj ]
for every k > 0.
Substituting the above expressions and using Lemma 2.4 we obtain
sd([Y ])− [ICY ] =
n∑
k=0
N∑
j=1
M∑
i=−M
(−1)k[pHi(Rε∗QXk [dk])Σj ],
where [pHi(Rε∗QXk [dk])Σj ] is symmetric if and only if dk − dim(Σj) + i is
even, anti-symmetric if and only if dk−dim(Σj)+i is odd, positive-definite if
dk−dim(Σj)+i ≡ 0, 1 mod 4 and negative-definite if dk−dim(Σj)+i ≡ 2, 3
mod 4.
The proof concludes using the exact sequences of Lemma 2.2, noticing
the equality in Dbcc(Y ) for every j and q:
(Ek,q1 )Σj =
pHq(Rε∗QXk)Σj = pHq+dk(Rε∗QXk [dk])Σj
and that the terms appearing in each exact sequence are all positive-definte
or all negative-definite.
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